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Sedimentation of Homogeneous Suspensions in
Finite Vessels
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The question of a possible container shape dependence of the sedimentation
velocity in a homogeneous suspension is reexamined. To this end we develop a
statistical theory of suspensions based on low-Reynolds-number hydrodynamics
of spherical particles in a container. It is shown, to first order in the volume
fraction, that in an arbitrary vessel the relative sedimentation velocity is shape
independent, but that at the same time shape-dependent convection occurs. The
theory forms a bridge between earlier calculations for special geometries by
Beenakker and Mazur and a phenomenological theory recently proposed by
Noziéres.
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1. INTRODUCTION

Recently some studies have again been devoted to the question of whether
the sedimentation of a homogeneous suspension might depend on the
shape of its container. Burgers in 1941 stressed the possibility of such
a dependence, which he could not rule out, but which did not scem
acceptable. This possibility arises from the long range of the so-called
hydrodynamic interaction between suspended particles.

These interactions, which result from the fluid flow caused by the
motion of a particle, decay very slowly. In fact, in an expansion in inverse
powers of the particle separation R they contain, besides shorter ranged
contributions, terms of order R~! and R~>. The R~! contribution would
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lead to a divergence of the sedimentation velocity in an unbounded suspen-
sion. This divergence, however, disappears if the interactions with container
walls are taken into account, or alternatively, if the relative sedimentation
velocity, ie., the mean particle velocity with respect to the mean volume
flow, is considered. But it is the R ™2 interaction that leads to the question
of the shape dependence by giving rise to a conditionally convergent
integral in the expression for the relative sedimentation velocity.

In 1972, and again in 1976, Batchelor reconsidered the problem and
argued, on the basis of general physical considerations, how this con-
ditionally convergent integral should be evaluated. Since his reasoning is,
however, strictly only valid for an unbounded system without walls, the
question of a possible dependence of sedimentation on the shape of the
container could not be considered to be settled definitely.

After Mazur and van Saarloos had formulated a general theory to
calculate many-body hydrodynamic interactions, Beenakker and Mazur
applied this formalism in 1985 to a suspension enclosed in a spherical con-
tainer. Indeed, even to order linear in the volume fraction ¢ of suspended
particles, to which only interactions between two suspended particles need
be taken into account, one is already faced with a three-body problem, with
the (spherical) container formally acting as a third particle. It turned out to
be possible in this way to calculate to order ¢ for a homogeneous suspen-
sion and in the center of the spherical container the mean particle velocity
as well as the mean volume flow. A similar calculation was also performed
for sedimentation toward a plane wall. It was found for both geometries
that the relative sedimentation has indeed the value found by Batchelor for
the unbounded system, but that the mean particle velocity in the
laboratory frame had for the spherical container a value different from the
one found for sedimentation toward a plane wall. Thus, convection flows
depending on shape may occur. These flows represented an unexpected
phenomenon for homogeneous suspensions, not foreseen in earlier
treatments.®> Of course, this effect is very weak in dilute suspensions, and is
moreover rapidly masked by the much larger buoyancy-driven convection
occurring if inhomogeneities have been induced during sedimentation, for
instance, by inclined walls. This, however, does not imply that the effect
has no relevance: after all, its strength has the same order of magnitude as
the intensively studied (first-order) density correction to the sedimentation
coefficient.

*In fact, in his 1976 paper Batchelor explicitly states that for a collection of particles, each of
which is acted on by the same steady force, “the average particle velocity [relative to the
mean volume flow]... is of course [equal to] the average particle velocity relative to the
walls of a vessel containing a statistically homogeneous suspension.” In other words, he
states that the mean volume flow relative to the walls of the vessel is zero.
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Noziéres recently showed that the above-mentioned rather surprising
phenomenon could be understood on a “macroscopic” level (ie., a level
on which the suspended particles have lost their identity, so to say) as a
consequence of the local coupling between two flow fields, the relative sedi-
mentation velocity and the mean volume velocity. He formulated, with
profound physical insight, a theory of sedimentation in terms of two
coupled differential equations for these fields containing a number of
phenomenological coefficients and supplemented by an “effective” boun-
dary condition. The solutions of Noziéres’ equations contain the shape-
independent relative sedimentation velocity as well as the shape-dependent
intrinsic convection phenomenon found for a spherical container geometry
by Beenakker and Mazur.

In this paper we present a “microscopic” derivation of a “macroscopic”
sedimentation theory for a suspension of spherical particles contained in a
vessel of arbitrary shape. The theory is given up to linear order in the
volume fraction ¢. In Section2 we give, within the framework of a
formalism of induced forces, the formal solution of the linearized Stokes
equation for a system of spheres moving in a fluid within a container. From
this solution we derive in Section 3, by averaging over particle con-
figurations, to linear order in ¢, general expressions for the sedimentation
velocity and the volume flow.

In Section 4 we discuss, for a better understanding of the problem, the
unbounded suspension. The expression for the sedimentation velocity then
contains the conditionally convergent integral mentionéd above. We show
that a relation exists which allows us to express this conditionally
convergent integral in terms of the Laplacian of the volume velocity.
Batchelor’s argument to resolve the problem of a possible shape depen-
dence in sedimentation amounts to stating that the latter quantity must be
zero on physical grounds, ie., for reasons of symmetry. Then, due to the
relation found, a particular value must be attributed to the conditionally
convergent integral. For a finite system, however, this integral has a value
which does depend on the shape of the cbntainer. Since nevertheless the
relative sedimentation velocity is expected to be shape independent, for a
finite system there must be other, compensating, shape-dependent integrals
in the expression for the relative sedimentation velocity. On the other hand,
in view of the previous results pointing to the existence of the phenomenon
of “essential” or “intrinsic” convection, the mean volume velocity must
obey an equation which has shape-dependent solutions, however large the
vessel may be.

These points are explicitly shown in Section 5. We also demonstrate in
this section that on the “macroscopic” scale the bulk part of the solution
for the volume velocity V corresponds to the solution which would be
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found from the differential equation for V valid in the bulk part of the
system, with an effective boundary condition at the container surface. As
Noziéres already surmised, the value of the phenomenological coefficient
in this boundary condition inferred from the Beenakker-Mazur result
constitutes only a lowest order approximation.

The microscopic theory for arbitrary container shape presented in Sec-
tion 5, which explicitly takes into account the hydrodynamic interactions
with container walls, may be considered to provide a justification for
Nozi¢res’ phenomenological approach to sedimentation.

In the rather technical Section 6 we discuss in detail that surface
corrections to Batchelor’s value for the relative sedimentation velocity and
to Noziéres’ equations indeed vanish as the surface recedes to infinity.

Finally, we make some concluding remarks.

2. HYDRODYNAMIC EQUATIONS

We consider a system of N spherical particles of common radius a and
with centers at R, ..., R suspended in an incompressible fluid of viscosity #
and enclosed in a container of volume ¥". The pressure tensor P(r) in the
fluid is given in terms of the velocity field v(r) and the pressure field p(r) by

v, ov
Pust)=bup0)=n (52452 @)
B o

and obeys the quasistatic Stokes equation

—V:P(r)+p,g=0 for [r—R,|>a, i=1,.,N (2.2)

Here p, denotes the fluid mass density and g the earth’s gravitational field.
We employ stick boundary conditions. On the surface W of the container
we thus have

v(r)=0 (reW) (2.3)
whereas on the surfaces of the particles
vir)=u,+ o, A (r—R)) (Ir—R,|=a) (24)

holds, with u; and o, the translational and angular velocities of sphere i,
respectively.

Due to stationarity the total force acting on each sphere is zero. In
other words, the hydrodynamic force cancels the gravitational force on
each sphere,

4
_jﬁ-P(R,.+aﬁ)a2 dﬁ+§a3psg=0 (2.5)
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where p; is the mass density of the spheres. i denotes a unit vector and
| dit--- integration over the surface of the unit sphere. We note that the
gravitational field exerts no torque on the particles. Therefore, due to
stationarity, the torques exerted by the fluid on the particles also vanish.

As in previous work, a reformulation of the flow problem in terms of
induced forces is convenient. The fluid equation of motion (2.1), (2.2) can
then be extended to all of space and written in the form

~V-P(r)=n4v(r)=Vp(r)= = 3 F(r|Ry,...Ry, W)—yp(r)p,g (26
(=0

i=

Sor all r; the function y,(r) is unity for r inside and zero for r outside the
container. Equation (2.6) is equivalent to the original boundary value
problem constituted by Eqs. (2.1)-(24) if one imposes the following
requirements on the induced forces F, and the extensions of the pressure
and velocity fields (cf, e.g., ref. 1):

F.(r|R.,... Ry, W)=0 for [r—R,i>a (2.7a)
p(r)=p,g-r for r—R)<a, i=1.,N

(2.7b)

vir)=u,+o, A (r—R;) for [r—R,<a (2.7¢)

FyrIR,.... Ry, W)=0 for r inside the container {(2.8a)

p(r)=0 for r outside the container (2.8b)

v(r)=0 for r outside the container
and on its wall (2.8¢c)

The induced forces depend on the positions R;,.., R, of the centers of all
spheres as well as on the set W of all points of the container wall; for the
sake of brevity we often omit the arguments R,..., W.

As a consequence of these extensions, the induced force densities on
the spheres are of the form

“R)alr-Ri=a) G=1ewN)29)

F(r) =f,.<

Similarly, the induced force density F, is concentrated as a surface force
density f, on the container wall.
Next we introduce a reduced pressure p’(r) by

r)— °r inside the container
p’(r)={p( )= pr8 (2.10)

0 outside the container

822/53/1-2-10
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Equation (2.6) then takes the form

n Av(r)=Vp'(r)= — 3, Fir) (2.11)

i=0

and must be solved with the subsidiary incompressibility condition
Vev(r)=0 (2.12)

Using the Oseen tensor 7(r) = (1/r)(1 +£?), with 1 the unit tensor of rank 2
and 2 the dyadic product ff, one finds®

v(r)= f g—;fr(r—Ri—aﬁ)-f,.(ﬁ)az dh
+HL/T(r—r’)-fo(r’)ds’ (2.13)

where ds’ is the surface element on the container wall. With the aid of the
integral kernel

izf3 (2.14)

3
n(r)E —-4—7—Er

one can express the modified pressure tensor
P'(r)=P(r)+ [p'(r)— p(r) " (2.15)
in an analogous way*

P'(r)= jmr— R, —ai)- (i) di

1

+J M(r—r1') - fo(r') ds’ (2.16)

' M=

i

We conclude this section by establishing a relation between the
induced force F, and the gravitational force on sphere i. To this end, we
apply Gauss’ theorem to Eq. (2.5) to obtain

4
0= _jﬁ- P(R,-+aﬁ)a2dﬁ+?na3psg

4
—umj V-P(R,-+r)dr+?ﬂa3psg

el0 Vr<a+te
. 4,

——tim |  {F)+pgdi+apg (217
el0 Yr<ca+e 3

*This may be verified by solving the Poisson equation V- (n d4v—Vp')= —dp'= -3,V F,
for p and using Eq. (2.13) to calculate {Vv)*, the symmetric velocity gradient.
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Thus, the total induced force on sphere i is equal to the buoyancy-correc-
ted gravitational force on it. Since we consider a stationary situation, this
force must be compensated by the friction force K which the fluid exerts on
the sphere,

4
K=—[Fdr=—Sa(p.— )8 (2.18)

4. GENERAL FORMULAS FOR SEDIMENTATION VELOCITY
AND VOLUME FLOW

We now consider the motion of a sphere i at position R,. In order to
express its translational velocity uw,; in terms of the induced forces, we

integrate the boundary condition (2.4) over the surface of sphere i and
substitute relation (2.13),

L .
=Ejdn {u;+o; A (la+R,)}

1 A A
=Z7—Jdn v(R, + ai)

1

—_ A 2 _R.—ah Y- AR’
_4nj 8m1{ jd 7(R,+af—R,—af’)- £(#')

+ [ ay T(R,-+aﬁ—r’)-f0(r’)} (3.1)

To proceed, we need the integral relation

with
D(R)_ s (1 —3R?) (R>0) (3.3)
For later use we note here that
ZHalﬁ D(R+aﬁ)={D(OR) ;Zi ﬁzz (3.4)
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Using formula (3.2), we find from (3.1)

N

6mnau;= —K+ ¥ jdﬁ AR, — R, - a) - (i)
j=1
GE

+j ds' A(R,— 1) - f,(r) (3.5)

For our purpose it is necessary to split the force density f(f) into a
constant part and a part h,(fi) in such a way that the integral over h(i)
vanishes. h;(f) is thus defined by

1
4na?

fj(ﬁ)zhj(ﬁ)—l-%Jdﬁ f,(A)=h,(i)——K (3.6)

In the last member of this equation use was made of the relation (2.18).
After substitution of formula (3.6) into Eq. (3.5) the integrals containing
the constant parts —(1/4na”)K of the force densities f; can be evaluated:

N 3 a3
6rnnan,= — K+ Z {— I:Z aT(R,-—Rj)+—2— D(Ri_Rj)] ‘K
=t
+jdﬁ azA(R,-—Rj—aﬁ)-hjﬁ)}
+f ds' AR, —1') - fo(r') (3.7)
w

where use has been made of formulas (3.2)-(3.4). In particular, when only
two particles are present, Eq. (3.7) takes the form

6nnau, = —K +[ ds' AR, —1') - f,(r' | R,, W)
w

3 a’
| 2R, ~R;)+ 5 DR, ~Ry) | K

+fdﬁ AR, —R,—af)-hy(i|R,, R,, W)

+j ds' AR —1) [fo(r' | R, R,, W)—f,('|R,, W)] (3.8)
w

The first two terms on the rhs are the single-particle contribution to u;;
they remain unchanged if particle 2 is removed. The other terms represent
the modification of u; due to the presence of the second particle.
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We now evaluate for a homogeneous suspension the average velocity
U(R)) of a particle with center at R,. We restrict the discussion to the case
of a dilute suspension, in which case it suffices to take into account only
terms linear in the volume fraction ¢ = %na®N/¥". To first order in ¢ the
nonadditivity of hydrodynamic interactions plays no role. One may then
write the many-particle interaction contribution to U(R,) as a super-
position of two-particle terms. The conditional probability density
P(R,|R,) for finding a particle at R,, given that there is a particle at R,, is
given to this order by

1/ for |R,—R,|>2a, dR,)>a

39
0 elsewhere (39)

P(szR1):{

where d(R}) denotes the distance of the point R inside the container to the
container wall.
One thus finds from (3.8) for the average particle velocity

6maU(R,) = —K +j ds' AR, —1')-To(r'|R,, W)

w

N 3a
= dR, 2 7R, —R,)-
"f/fml-mpza 24 TR, 2) K
d(R3)>a
N a’
2 iR, DR,-R,)‘K
,V |IR; — R3] > 2a 2 2 ( ! 2)
dRy)>a
N A 2 A A
o dR, jdnaA(RI—Rz—an)-hz(niRl,Rz, W)
V |IR1— Ry >2a
d(Rz)’>a

+ [ ds AR, =) [(F IRy, Ry, W)~ 1o(r' [ R, W)]}
(3.10)

The second integral on the right-hand side diverges in the limit of an
infinitely large container. This divergent contribution to U is, however,
compensated by a backflow generated by the induced forces on the
container wall,** a fact which clearly demonstrates that the influence of
walls persists even in the limit of infinite container dimensions. For the
infinite system without wall the difficulty arising from the divergent integral,
the so-called Smoluchowski paradox, may be avoided® by considering
sedimentation with respect to the mean volume flow V(r). This relative
sedimentation velocity w(r) = U(r) — V(r) is the proper quantity to describe
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sedimentation also when container walls are present, because, in contrast to
U(r), it will turn out to be independent of the container shape.

The mean volume flow V(r) can be found by taking the average of the
velocity field v(r) occurring in Eq. (2.6), with the extension defined in
Eq. (2.7¢), over all configurations of the spheres. Indeed, the velocity field
v(r) gives the actual physical velocity of the point r, regardless of whether
this point is inside a particle or inside the fluid. To lowest order in ¢ the
mean of v(r) is obtained by averaging Eq. (2.13) with induced forces
corresponding to the case that there is only one particle. In this way one
finds, using Eq. (3.2), for d(r) > 2a,

N . 5 3a "
67rnaV(r)—7L(Rz)>adR2 {j dh @ < 7(r—R,—af)
K .
-[—Wﬂz(anz, W):|

3
+j ds' 2L 1 —r') - f,(r'| Ry, W)
w3

=—¢K~—j [—ar(r—R2)+ D(r—-RZ)} K
IRy—ri>a 4
d(Ry) > a
3
N dR, fdﬁaz—ar(r~R2—aﬁ)-h2(ﬁ|R2, w)
Viary>a 4
3
+[ as a1 £ Ry, W)} (3.11)
w2

Subtraction of the mean volume flow at r=R; from the sedimentation
velocity U(R,) [cf. Eq. (3.10)] yields for the relative sedimentation velocity
for d(R,)> 2a the result

6mnaw(R,)

—( —¢)K+jwds' AR, —1')-f,(t'|R,, W)

N
+— dR, A(R; —R,)'K
V‘L<}R[-R2|<2a’f z ( ! 2)
d(Ry)>a
N a’

dR,—D(R,—R,)-K
7 P 27 (R 2)
d(Ry) > a
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N
+— din a’AR, — R, —ai
VLRI“R2\>2”{f R, =R, ~ad)

d(Ry)>a

[haB 1Ry, Ro, W) —ho(h Ry, W)1+ [ ds' AR, —x)

*[fo(r'[Ry, Ry, W) —£(r' Ry, W) —1o(r'|Ry, W)]}

N . 2a3 ) )
+—“f7J‘|R17R2|>2a {J dia ‘ZD(RI—Rz—an) hz(n|R2, W)

dRy)>a

3
+f ds L D(R, — ')+ £,(t'| Ry, W)
2

N . 5 3a . A
~7£RPR21<M “ dia IT(RI—Rz—an)°h2(n|Rz, w)
d(Ry)>a
3
+f dsl_aT(Rl—l‘/)'fo(l'sz, W)} (312)
w 4

The second integral on the right-hand side can be performed explicitly,
using formulas (3.2)-(3.4), and one finds, for d(R,)> 3a,’

6nnaw(R,)

_ _<1—%¢>K+f ds' AR, —1') - Fo(t'| R, W)

3

N a
- dR,~ D(R,~R,)-K
"V'[erRzDZa 2y (R, 2)
d(R3)>a
N . .
+— dszdna AR, — R, —af)-hy(i|R,, R,)
YV VR, —Ry| > 24
d(R2)>a
N
+— dR, | dit AR, — R, — ah
Y IR - Ryl > 2 Z{J (R, ~R;~af)
d(R2)>a

-[hy(d Ry, Ry, W) —h,(R|R,, W) —h,y(#{R,, R;)]

+ deS,A(Rl — 1) [( [ Ry, Ry, W) —fo(r' | Ry, W) — fo(r' [Ry, W)]}

SIf the distance from R, to the wall is smaller than 3a, the term (11/2) ¢K on the rhs of
Eq.(3.13) is modified and depends explicitly on this distance. We are, however, not
interested in the sedimentation velocity that close to the wall.
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3
+ “dﬁaz%D(Rl—Rz—aﬁ)-hz(mRz, w)
/

sl =

J~|Rl —R3| >2a
dR2)>a

3
+[ ds' S DR, ~1) - £y(r' Ry, W)
W a

N . 5 3a . X
_? IR, —Ry| <2a dRz {f dn az__4—T(R1 _Rl—an)'hz(lﬂRz, W)
d(Ry)>a
3a
+j ds’_T(R1—r’).f0(r'|R2, W) (3.13)
w 4

At first sight it would seem that there still remain complications due to
the long range of the Oseen tensor 7, which is contained in the tensor A.
However, wherever this tensor now occurs, either the domain of
integration is small [viz. (4n/3)(2a)?] or the tensor is multiplied by
functions which make the integrand short-ranged, as will be discussed in
Section 6. Before we come back in more detail to this last point, we first
discuss the case of an unbounded system.

4. THE UNBOUNDED SUSPENSION

A popular way to get rid of the complications arising from the
presence of walls, i.e., within our formalism, of the terms containing the
induced force f, on the container walls, is to consider an infinite system
without container walls right from the start; then f,, is zero by definition.
Furthermore, also h,(fi|R,) vanishes, because in an unbounded fluid a
single particle subjected to a homogeneous external field of force carries
only a force monopole (see, e.g., ref. 1). Equation (3.13) then reduces to

3

6nnaw(R,) = —<1-£¢>K———¢ 4R, D(R,—R,) K
2 167

‘LRl —Ral > 2a

2

j dszdﬁ A(R,— R, —af) hy(d|R,, R,)
4na IR; — Ry| > 2a

(4.1)

The last integral in this equation has been evaluated by Batchelor,® who
combined exact results for the hydrodynamic two-particle problem with
numerical methods and found the value 1.55¢K, so that
11
6nnaw(R,)= — l:l - <7+ 1.55> ¢} K
3

T f_l D(R, —R,)-K (4.2)



Sedimentation in Finite Vessels 149

This equation is rather simple in comparison to Eq. (3.13). The price to be
paid is the fact that its rhs is not well defined, since the remaining integral
does not converge absolutely and its value depends on the way in which
the integrations are carried out. For instance, if one first integrates over a
spherical region of finite volume and then lets the radius of this region
grow to infinity, one obtains

fim j dR,D(R,—R,) K=0 (4.3)
b— o YR —Ry| > 2a

Ry<b

while first integrating over a flat slice perpendicular to K and then
increasing the thickness of the slice to infinity yields

8
D(RI—R2)-K=TRK (4.4)

lim |
b— o0 VIR —Ry| > 2a
K-Ry| <b

The question now arises of whether this conditional convergence is an
artefact of the unphysical model, the infinite system without walls, or
whether it reflects a dependence of w on the shape of the container, which
would persist even if the latter becomes infinitely large. This problem was
noticed by Burgers® in 1941, who could, however, no provide a solution.
He states that “the possibility that the sedimentation velocity should be
dependent upon the shape of the vessel nevertheless does not appear to be
readily acceptable.” Burgers goes on to mention that during a discussion at
the Netherlands Academy of Sciences, “Professor Vening Meinesz raised
the question whether it would be possible to solve the problem [ie., deter-
mine the proper sedimentation coefficient] for a suspension extending
indefinitely in all directions, provided the boundary condition which in the
case of a suspension enclosed in a vessel is imposed by the impermeability
of the walls were replaced by an equivalent condition of another type.” The
argument which Batchelor® used to deal with the problem of the
conditionally convergent integral may be considered to be in the spirit of
Vening Meinesz’s remark.

Before we discuss his argument, we derive the following relation for
the infinite homogeneous suspension:

3

-] dR, D(R, —R,)-K=rna’ AV(R,) — 4K (4.5)
167 " g, — Ry > 24

In this way the ambiguity of the integral on the lhs is transformed into an
ambiguity in the value of the Laplacian of the mean volume velocity.
Combination of Eqs. (4.2) and (4.5) yields

6mnaw(R;)= —(1—6.55¢)K + na’y AV(R ) (4.6)
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In order to derive the identity (4.5), we first note that the velocity field
v(r | R) which is generated in an unbounded fluid by translational motion of
a single sphere with center at R has the form [which follows also from
Eq. (2.13)]

1
—Ar—R)'K for [r—R|>a
6nna
v(r|R)= { (4.7)
—K for [r—R|<a
6n1a
so that, using the formula
Ar{r)=2D(r) (r>0) (4.8)
one finds
1
Av(r|R)= —O(r—R|—a)D(r—R)-K—
47y
1 ) 1
+o(r—R|—=a)|1-—=(r—R)"|'K 3 (4.9)
a 4nna

To first order in ¢ we thus obtain for a homogeneous suspension of
spheres, using once more property (3.4),

3
4na’

AV(r)= 4 ¢dev(r|R)

3
=m¢deAv(r|R)

3 ¢
S B D(r—R)-K dR
167r211a3¢£r_n|>a (r—R) +2na311

K (4.10)

which is the desired relation (4.5).

It now remains to determine, on general physical grounds, the value
AV(R,). One possible chain of arguments runs as follows: There is only
one preferential direction in the infinite homogeneous suspension, viz., the
direction K of the field of force, which we take as the direction of the z axis.
Due to symmetry, ¥, and ¥, must be zero, and V', can at most depend on
z. Since, because of incompressibility, the divergence 0V _/dz of V vanishes,
so does the Laplacian 4V = (0, 0, 0°V,/0z?). Combination of this result
with Eq. (4.6) leads to

6nnaw = —(1— 6.554)K (4.11)
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Batchelor’s argument‘® is essentially equivalent to the one explained above.
He states that in the infinite homogeneous suspension the deviatoric part of
the stress tensor is uniform, and uses this condition to assign the value
— 14K to the conditionally convergent integral on the lhs of Eq. (4.5). In
Appendix A we show that Batchelor’s condition implies 4V =0.

We note that the value found in this way for the conditionally
convergent integral corresponds to the flat-slice geometry [cf. Eq. (44)]. 4
posteriori this is evidently the natural geometry for an infinite system with
one preferential direction, and the arguments presented above secem to add
very little to that observation. When one accepts that a dependence of the
sedimentation velocity w on the shape of the vessel would be absurd, there
can be no doubt that Eq. (4.11) contains the correct sedimentation coef-
ficient to order ¢. Formally, however, the question of shape dependence
has not been settled, for two reasons:

1. In Eq. (3.13), valid for a finite vessel, the first integral on the rhs
{which for an unbounded suspension becomes the conditionally convergent
integral discussed in this section) clearly does show a dependence on the
shape of the vessel. If the sedimentation velocity w always has the value
given in Eq. (4.11), then this shape dependence of the first integral must be
compensated by a similar shape dependence of other integrals on the rhs of
Eq. (3.13). Such a canceliation is not obvious and needs to be shown.

2. Beenakker and Mazur” could be direct calculation determine the
mean volume flow V(r) and the sedimentation velocity ‘w(r) in the center®
of a spherical container with radius 4. They found that in the limit of 5
tending to infinity w had the value w= —(1-6.55¢)K derived by
Batchelor for the infinite system without walls. On the other hand, however,
they also found that V is nonzero and finite in the center of the container,
even for b — oo. Therefore, the field V(r) must contain vortices, since the
volume flow is incompressible, a fact which sheads a strange light on the
general validity of the symmetry arguments used to determine the value of
the conditionally convergent integral in the case of an unbounded
suspension. A completely satisfactory understanding of these points can
only be achieved by a further analysis of sedimentation in a finite vessel.

5. MACROSCOPIC EQUATIONS FOR THE
SEDIMENTATION IN A FINITE VESSEL

Returning to Eq. (3.13), we shall find it useful to express the second
integral on its rhs in terms of AV(R,), in analogy to the relation (4.5) for

¢ For other points of the container the calculation seemed to present overwhelming difficulties.
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the unbounded system. For this purpose we need the following extension of
formula (4.8) to all values of r:
, 167

A7(r)=20(r) £ —~

a(r)1 (5.1)
where for integrals containing D(r) the prescription

f D(r) g(r) drzlig)lf D(r) g(r) dr (52)

r>e

holds. Combining formulas (5.1) and (3.11), we find

] ¢
nﬂa3AV(R1)=—E¢f|R o dR, D(Rl—Rz)'K+—2—K
d(lllz)>2a
N . 2a3 . A
+7Jd(R2)>adR2 {fdna ZD(RI—RZ_an) hz(n|R2’ W)

+jds'% D(R, —1')-f,(r' | R,, W)}

—%Jdﬁ h,(A|R, —ah, W),  d(R,)>2a (5.3)

Inserting this relation, which generalizes formula (4.5), into Eq. (3.13), we
obtain after some straightforward rearrangements of terms

6nnaw(R,)
= —(1—5¢)K+mna’ 4V(R))
3¢ L R .
- [ dh AR, — R, —ah) hy(d | R, Ry)
4na’ Jir, Ryl > 24
d(R2)>a

+j ds' A(R,—1') - £,(r' |R,, W)
w

2
V IR —R3| > 2a
dR2)>a

dR, {j di ®A(R, — R, —af)- [hy(i|R,, R,, W)

—hy (8 R}, R,) —hy(i[ R, W)] +JW ds' AR, —1’)

o' IRy, Ry, W) —1o(x" | Ry, W) —fo(r'|R,, W)]}
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N
- dR, | di PA(R, —R,—ah) h,(A|R,, W
,VLRI*R2|>2¢1 Z{J ( 1 2 ) 2( ‘ 2 )

d(Ry)>a

+f ds' AR, — 1) f,(r'| R,, W)}

+§Jdﬁ Ph,(i|R,—ah, W),  dR,)>3a (5.4)

The first integral on the rhs of this equation is again the contribution
evaluated by Batchelor to be 1.55¢K (section 4). The remaining integrals
represent modifications of the sedimentation velocity due to the container
walls. Inspection of these terms suggests that they vanish when the distance
between R, and the container wall becomes large. That this is indeed so
will be shown at greater length in Section 6. We note in passing that the
second integral (fourth term) on the rhs of Eq. (5.4) is nothing but the wall
correction to the one-particle mobility discussed already by Lorentz and
Faxén.® Sufficiently far from the walls Eq. (5.4) thus reduces to the form
found in Eq. (4.6),

6nnaw(R,) = —(1 —6.55¢)K +mna® AV(R,) (5.5)

The value of 4V(R,), however, cannot be determined from symmetry
arguments, as in Section 4, but must be calculated in a different way.

In principle, one could evaluate the induced forces f, and h, occurring
in Eq.(5.3) and then perform the integrations to find 4V(R,). Here,
however, we shall follow a different route. The main purpose of Eq. (5.3)
was to establish a relation between the quantity AV(R,) and the
conditionally convergent integrals involving D, and thus to derive the local
equation (5.5) for w.

In order to find a closed macroscopic description of sedimentation it is
necessary to supplement Eq. (5.5) by a second, manifestly Jocal equation
for the mean volume flow V(r). This is easily achieved by averaging Eqgs.
(2.11) and (2.12), and yields, to linear order in ¢,

3¢ f
dna’ d(Ry)>a
V-V({r)=0 (5.7)

where P'(r) is the average of p'(r). Note that Egs. (5.6) and (5.7) are valid
for all points inside the container. On the container wall one has stick
boundary conditions for V(r), which follow from the “microscopic” boun-
dary conditions (2.8c) for v(r),

nAV(r)—VP(r)= — dR, F,(r|R,, W) (5.6)

V(ir)=0 for re W (5.8)
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It remains to evaluate the inhomogeneous term on the rhs of Eq. (5.6) in
terms of the byoyancy-corrected gravitational force —K. With the decom-
position (3.6) one has

[ dRr,FyrIR,, W)
d(Ry)>a

= di a*f,(fi |t — ah, W)
dr—af)>a

1
— di — K+
L(r—aﬁ)>a 4n ‘j‘d(rfaﬁ)>a

div a?hy(R|r —af, W)  (5.9)

The first integral in the last member can easily be evaluated, since the wall
may be considered to be flat on the length scale defined by the sphere
radius a (see Fig. 1)

L {K d(r)2a  for d(r)<2a (5.10)

di —
'fd(r~aﬁ)>a e K for d(r)>a

\
/

N\
/

— ‘\
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Fig. 1. The sector of integration in Eq. (5.10) is smaller than 4= for d(r) <2a.
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The reader might wonder why we now insist upon discussing the force term
in Eq. (5.8) near the wall, whereas the sedimentation velocity w was studied
only in the case d(R,)>» a. The reason is that Eq. (5.5) is an algebraic
equation for w(r), while (5.6) and (5.7) are differential equations, the
solution of which at a point R, far from the wall will in general also
depend on the value of the force term close to the wall.

Evaluation of the second integral in the last member of Eq. (5.9) in
terms of K is nontrivial. For d(r)> a the part h,(r) of the induced force is
of order [a/d(r)]? (Section6). As r approaches the wall, the integral
becomes important. It can be evaluated by combining a multipole expan-
sion of h, and a result due to Lorenrz, as was done in ref. 4. This requires
extensive calculations, which we hope to present in a future publication.
For the time being, we use as a first approximation the monopole
contribution (5.10) alone, which will lead to a volume flow V with
qualitatively correct features. The differential equations (5.6) in that case
reduces to

3¢ 2a—d
" 41V(r)—VP’(r)=4ﬂ'Z3 i1 —@(2a—ar(r))a—2‘—z~Q

}K (5.11)

where @(x) denotes the Heaviside function of x. The constant force term
on the rhs of (5.11) can be included in the pressure; defining

3
P”(r)EP’(r)+Z7—I?jZ—3K-r (5.12)

one has

34 2a— d(r)

nav(r)—VP'(r) = 4_m3 O(2a— d(r)) >

K (5.13)

We now study the solution of this differential equation for several container
geometries.

1. First we consider a suspension enclosed by two parallel plates at
x= —b and x =5 in a Cartesian coordinate system. The z axis is chosen in
the direction of the component of K parallel to the plates. For symmetry
reasons there can then be no dependence of the various fields on the y
coordinates, and ¥, must vanish. Since, moreover, in this case the con-
tainer is not closed, we have to supplement the boundary condition (5.8)
by a condition of no net flow through a cross section,

b
j V.dx=0 (5.14)
b
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As one may verify, the solution of Eq.(5.13) with the conditions (5.7),
(5.8), and (5.14) is given by

(

'3 3ay 9 a\/x\?
he _28\_Z [
2¢”‘”<1 2b) 2¢”°’< 2b><b>

for |x|<b—2a

V.= —2¢Uo:¥[1—2f+(g> ] (5.15a)

o (Y 1) (] e (5

for b—2a<|x|<b

V,.=0 (5.15b)
.9 n a\* [a\’
Py -2(5) +(5) |2
3¢ x €| —b+2a
+WKXJ0 @(|§|—b+2a)Tdé (5.16)
Here
Vo= —6mnaK (5.17)

is the Stokes velocity of a sphere under the influence of an external force
-K

The velocity V, given by (5.15a) is sketched in Fig. 2. Note that there
is a parabolic velocity profile inside the container, varying over distances of
the order of b, the container dimension. The downward volume flow
existing in the center of the container remains even in the limit & — 0. At
X zb/\/g the volume flow changes sign, and if one extrapolates the
parabolic profile to |x| = b, one finds an upward velocity

(Vz)extrapolated = _3¢U02 + O(G/b) (518)

In reality, the parabolic velocity profile ends at |x| =5 —2qa, and in the
following narrow boundary layers the velocity decreases to zero, in
agreement with the “microscopic” stick boundary condition. In the bulk,
ie, for |x| < b —2a, the Laplacian of the volume flow given by Eq. (5.15) is
of order ™2, so that one recovers from Eq. (5.5) Batchelor’s value for the
relative sedimentation velocity in a macroscopic container far from the
walls.
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v,/ 11y 1

x/b

Fig. 2. The mean volume flow due to intrinsic convection between two parallel plates, as
given in Eq. (5.15). The dashed line corresponds to b/a =10, the solid line to b/a = 100.

2. Let us now consider a suspension enclosed in a spherical container
of radius b. We choose the origin of the coordinate system in its center. The
solution of Egs. (5.13), (5.7), and (5.8) for this geometry is given by

’gqﬁvo.[ Lf(1+ §2)— 3y660(> (1 -3¢

+(1y64ﬁ PR 54)1 48()(21_f2>
4

+«%%31mw X) ]

for b—~2a<r<b

9 A A
29V [( F° T 1208° T30 48><>(21 #)

4 6 3 3
+<V_J%_L+ﬁ_1}
168 728° 18 144

for r<b—2a (5.19)

V)=

with

B=bja, y=B-2 (5.20)

822:53/1-2-11
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For large values of b/a the expression (5.19) reduces to

9b—r 9/b—r\*> 3/b—r\>
. _ 2 _Z Z _Z
#vo- (1 r)[ 2a+4<a> 8<a>

V() = +co<g>] for b—2a<r<b (5.21)

3¢v0-<1 —G)z 21 —#)+0 (g)} for r<b—2a

The bulk solution is similar, and the boundary layer solution identical to
those found in the previous case. In the center of the container one finds a
downward volume flow

V(r=0)=3¢v, + O(a/b) (5.22)

in agreement with the result obtained by Beenakker and Mazur.”’ If one
extrapolates the bulk velocity profile to the container wall, one gets

Vextrapolaled = _3¢(1 - fz) *Vo + @(a/b) (523)

in analogy to (5.18). Furthermore, the Laplacian of the volume flow is
again of order ™2 for r <b—2a, so that also in the case of a spherical
container the relative sedimentation velocity has Batchelor’s value.

We note that the value 3¢ on the rhs of Eqgs. (5.22) and (5.23) is a con-
sequence of the monopole approximation for the force profile in (5.6). It is
to be expected that the influence which higher-order multipoles have on
this coefficient is comparable to the influence which they have on the first
virial coefficient of the sedimentation velocity as calculated by Batchelor,
1.¢., about 30%.

The convection phenomenon in homogeneous suspensions discussed
above constitutes an effect of a different nature than the much larger
(in magnitude) phenomenon of buoyancy-driven convection due to
inhomogeneities in the particle density. It represents a shape-dependent
effect (in contrast to the shape-independent relative sedimentation velocity)
which ultimately is caused by the presence of walls. This effect was called
essential convection by Beenakker and Mazur!”) and was later named more
appropriately intrinsic convection by Noziéres.®

From the results obtained by explicit solution of Eq. (5.13) one may
infer that, as far as the bulk solutions are concerned, the nonuniformity of
the force profile in the narrow boundary layer may be neglected if one
employs an effective boundary condition

V(r)= —34(1 —h?) v, (re W) (5.24)

for the volume flow, where i here denotes the normal on the wall. As a
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boundary condition for arbitrary container geometry the relation (5.24)
can also be derived by the following argument. The wall of a macroscopic
container appears to be flat on the scale of the dimension a of the suspen-
ded particles. The behavior of the volume flow close to a wall can therefore
be found by solving Eq.(5.13) for a half-space geometry under the
condition that this quantity remains finite far away from the wall. This also
leads to the relation (5.24).

Very recently Noziéres proposed a macroscopic description of the
hydrodynamic behavior of a suspension in terms of a set of two local
coupled equations for the volume flow V(r) and the relative sedimentation
velocity w(r). Noziéres had in mind that the effect of the long-range nature
of the hydrodynamic interaction on sedimentation would be taken care of
through this coupling of w(r) and V(r). His equations, for homogeneous
suspensions, read in our notation

lo,+é(ps—ps)]g—VP=—ndV—adw (5.25)
(ps—pr)g=Aw—y 4V (5.26)

From Batchelor’s result for the sedimentation coefficient’® and Faxén’s
theorem,®’ Noziéres concludes that

9
;;=2—‘:’2 [1+ 6556+ 0(6)] (5.27)
3
y=31+0() (528)
He also shows that the following Onsager symmetry exists:
o=y (5.29)

Since there is obviously no volume flow in the limit ¢ — 0, it follows that
AV(r) is at least of order ¢. Because the coefficient o is proportional to ¢,
the term aAw may be omitted from Eq. (5.25) to linear order in the volume
fraction. To this order, our Egs. (5.5) and (5.11) thus agree with those of
Noziéres. Our derivation of Egs. (5.5} and (5.11) therefore provides a
“microscopic” justification of the latter.” In particular, (5.3) and the less
general relation (4.5) express, so to say, in rigorous terms the fact that cer-
tain long-range hydrodynamic interactions occurring in the sedimentation
velocity may indeed be replaced by a local coupling to the volume flow, a
fact which, as stated above, formed the basic idea that led Noziéres to
establish Egs. (5.25) and (5.26).

"In an infinite system a justification of Noziéres equations has been given very recently by
Noetinger,” to all orders in the volume fraction, within the framework of the connector
formalism developed by Mazur and van Saarloos.!
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Noziéres supplements his equations by a phenoménological boundary
condition
V= —a¢(1,—0?)-w (5.30)

where fi again denotes the normal of the wall and “V and w are
extrapolations of the smooth bulk profiles up to the wall.” Noziéres admits
that his derivation of Eq. (5.30) is questionable, and can only surmise that
@ is of order unity. The “microscopic” theory developed in this paper shows
that his boundary condition has the correct form. As Noziéres already
stated, the value 3 for & found above (and to which he concludes by com-
parison with the result of Beenakker and Mazur) can only be an
approximation to lowest order.

6. ESTIMATES OF WALL CORRECTION TERMS

In this rather technical section it will be shown that the correction
terms to Eq.(5.5), which are due to the presence of container walls,
become negligible if one considers a position sufficiently far away from the
walls. We shall not try to achieve mathematical rigor. Moreover, only the
case of a spherical container of radius o will be treated; we comment on
this restriction below.

Let us start by deriving an operator expression for the induced forces,
using the tensor /7. This tensor was introduced in Section 2 as fundamental
solution of the stationary equation of motion

V.-P'(r)= 22: F.(r) (6.1)

[cf. Egs. (2.11) and (2.16)] (for the dilute systems considered it suffices to
treat the case that at most two spheres are present). From Eq. (6.1) one
finds for the induced surface force density [cf. Eq. (2.9)], using the fact that
P’ vanishes inside the spheres,

f,(i)=limia-P' (R, +d'i) (6.2)
a'la
Combination of this result with formula (2.16) leads to the expression
f(i)=Ilimh- f di’ a*M(a’'fi —af') - f,(}")

a'la

+ﬁ-jdﬁ' @R, +af — R, —aii’) - L,(/)

+ﬁ-jdﬁ' PR, + ah— bi') - f(bf') (6.3)
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which can also be written in the short-hand operator notation
fl z%llfl +(glzf2+%10fo (64)

The definition of the integral operators %; becomes obvious on comparing
Egs. (6.3) and (6.4). When acting on a constant force density, the operator
%,, can be further evaluated. Using integral relations for irreducible tensors
(see, €.g., ref. 10), one may verify that

—4nt-I(r)+ (a*/r) D(r) for r>a
0 for r<a

f-Jﬂ(r——aﬁ)dﬁ={ (6.5)

In the limit that r approaches a from above, one obtains from this formuia
[cf. (2.14)]
lim ¢+ j I1(r — af) a* di =1 (6.6)
ria
so that
%, K=K (6.7)

Using Eq. (6.7) together with the decomposition (3.6) of the induces forces
on the spheres, one gets, with k = (1/4na*)K,

hl=(g11h1+%12(—k+h2)+(610f0 (6.8)
A corresponding expression exists of course for h,,
hzz(gZI(_k+h1)+%22h2+(g20f0 (6.9)

In a way similar to the derivation of Eq. (6.4), one can find an analogous
relation for the induced force f, on the container wall,

fo=%n(—k+h)+%u(—k+h,)+%ef, (6.10)
Here the operators %, and %;; are defined by

(%oofo)(b) = — lim - j M’ —b')-fo(bi') b2 dit' (6.11)
(€, £,)(bh) = — - j (bt —R, —af’)-f,() a? di’ (6.12)

In contrast to %;,, the operator %,, maps a constant force density on zero
{cf. Eq. (6.5)]
%ok =0 (6.13)

Note further that %, does not depend on the container radius b.
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We now first consider the case that there is only one sphere in the
container, ie., f,(i)=f,(i|R,, W) (i=1, 2). The equations (6.8) and (6.10)
then reduce to (i=1, 2)

—%ofo+ (1 —%;)h,=0 (6.14)
(1 —%oo)fy — G, = —%,;k (6.15)
Introducing the abbreviations (i =1, 2)

2=1-%;, (6.16)
Dy=1—%y (6.17)

the solution of the system of equations (6.14), (6.15) reads (i=1, 2)
h,=-2~ ‘(60(% (60, %0) " boik (6.18)
fo= —(Dy— 60D '%0) '€k (6.19)

Since €;k=k (i=1,2) [see Eq. (6.7)], it is clear that 2 ~! only exists on
the subspace of the functions on the surface of the spheres which have no
monopole moment. But this causes no difficulties in Eqgs. (6.18) and (6.19),
because the range of the operator %,, on which 2! acts consists of
functions with vanishing monopole moment:

j.d“ a*(%0f,)(R)

_jdna jd MR+ afh— bit') - £,(bi)

=jdﬁ' sz drg;-ﬂ(R,--f—r—bﬁ’)-fo(bﬁ’)

r<a

=fdﬁ’ bzf dro(R,+r—bi')-f,(bi')=0 (i=1,2) (6.20)
The expressions (6.18), (6.19) can now be used to estimate the magnitude
of those wall correction terms on the rhs of Eq. (5.4) in which the induced
force corresponds to the case that there is only one sphere in the container.
To derive such estimates, we introduce a norm |f| of a surface force
density f by

172
It = U di |f,-(ﬁ)|2} (i=1,2) (6.21)

1/2
Il = [ [ an |fo(bﬁ)|2] (6.22)
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Making use of the familiar inequalities for norms, one finds

(R, W< N2 Gooll 1(1 = 25602 ™ 610) | (6.23)
x 1251 %ol Ikl (i=1,2)
Ifo(Ry, W < (1= 246D " '610) 1 126 M 1 %0l Ikl (6.24)

In Appendix B we show that

1
H(go,H < const - m (l =1, 2) (625)

|%,o]] < const - (i=1,2) (6.26)

1
b—R,—a

We note in passing that these upper bounds on the norms of the operators
%, and €, become useless when sphere i touches the container wall, i.e., for
R,+ a=>5. Some estimations needed later, on the other hand, would be
greatly faciliated if one knew that €,, and %, where always bounded.
Fortunately, we may indeed suppose this in the present context for the
following reason. It is quite clear that the divergence of the bounds (6.25),
(6.26) has nothing to do with the properties of the hydrodynamic inter-
actions over large distances, which give rise to the question of shape
dependence discussed in this paper, but rather stems from the singularity of
the tensor /[7(r) for r— 0. Without losing the essential features of our
system we may therefore assume that the statistical properties of the
spheres are those of a gas of hard spheres of radius a+J, with some
positive constant & very small compared to a, while the hydrodynamically
relevant radius of the spheres remains equal to a. Such a system, for which
the bounds (6.25), (6.26) are always finite, is not a worse model of a real
suspension than the original one (i.e., that with § =0).

We furthermore assume that the operators 25! and 2 ™' are bounded.
We did not succeed in proving this property, although it is physically
evident: After all, boundedness of, e.g., 2, only means that the magnitude
of the force density induced on the container by an incoming pressure
tensor field is at most of the order of magnitude of this incoming field.

Using these assumptions, one finds from Egs. (6.23) and (6.24) with
the aid of (6.25) and (6.26) (for sufficiently large b) the estimates (i=1, 2)

1
Hhi(Ri, W)H < const m (627)
Ifo(R;, W)|| <const —————1— (6.28)

b(b—R,—a)
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From relation (6.28) one sees that the wall correction to the single-particle
mobility, the second integral of the right member of Eq. (5.4), vanishes as
1/b if b tends to infinity, while R,/b remains bounded by a given constant
smaller than unity,

“dﬁ b?A(R, — bid) - f,(bA| R, W){

, const N R
<b'y—p | dblfybalR,, W)

, const R . N\ Y2 R%&
<b b_RlUdn |f0(bnfR1,W)|) jdn

const
< 2
< o (R, W)
< const - b =0 —1-> (6.29)
G—R)b—R,—a) _\b

Here use was made of the Schwarz inequality.

The norm |f;| defined in Eq. (6.21) of course does not in general tell
us anything about the absolute value of the function f, at a particular value
of its argument. If the function is sufficiently smooth, however, the norm
(6.12) provides a correct order-of-magnitude estimate of the maximum of
[f(fi)| with respect to . With this in mind one can convince oneself that
the last two terms in Eq. (5.4) also vanish as 1/b if the container radius b
tends to infinity while R,/b stays bounded by a constant smaller than unity.
Indeed, the induced force h,(fi|R,, W) in these terms is a smooth function
of i and R,, since R, is restricted to the neighborhood of R, and thus far
away from the container wall which generates the force density
h,(i|R,, W). Furthermore, as b (and with it the distance between R, and
the container wall) grows, this force density can only become smoother
still.

In order to treat the remaining wall correction terms on the rhs of Eq.
(5.4), it is necessary to solve the ful system of equations (6.8)-(6.10) with
both particles present. For the estimation of these terms it turns out to be
handy to insert in Egs. (6.8)—(6.10) in front of h, and h, the projector #
given by

(Jff)(ﬁ)zf(ﬁ)_zl;E j div’ f(i) (6.30)

which annihilates the monopole part of a force density f but leaves higher-
order multipoles unchanged. The reason for inserting the projector 3 lies
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in the fact that we can derive for the operator 4, # (i=1,2) the upper
bound (cf. Appendix B)

const

by | < i=1,2 6.31
6| <pp—g—ap (=12 (631)
which is better than (6.25) for b— R, > a.
Introducing the abbreviations
E=(1-D'CGHD €, H ) (1, j=1,2) (6.32)

and
G={1—-D;' 6 HED G0+ G, HD 6y)
— D5 b H 6D (Cao+ b1 HD ')} Dy (6.33)
one finds for
ofy(Ry, Ry, W)=1,(R;, R,, W)—f(R,, W)—1o(R,, W) (6.34)
from Eqs. (6.8)-(6.10) the formula
o= —~Y[CH(E,— VD "G+ Gy HED 'C o, HD by
+ Cor HEL, D (Bay+ Coy H D %)) ]
X(1 =236, # D '6,0) ' Dy '€, k
— GG H (6~ 1)D ' Cyy+ Gy HE,D ™6y, H D ™'%y
+Co1 HED G0+ G, HD )]
X (1 = @56 H D %) ' D5 6ok
— Y6 HE D61 + H D,k
— GG, HED G (1 + H# D6,k (6.35)

We collect those terms on the rhs of this lengthy formula which are more
easy to estimate in a function y defined by

o=V — D5 6, #D o0 D 5 G k— Dy by D 6 k (6.36)

Using (6.25), (6.26), and (6.31) as well as the relation (cf. Appendix B)

const
€ 6.37
1l < R R R, —R —20) (6:37)
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one may verify that

lwil <const - [[[€ ] |€rall + €01 ]| [€ozll
+ €02 AN 1Bl (ol + 161211 (6.33)

holds, and that, furthermore,

f dR, |%,,] < const - b (6.39)
Ry —Rg| >2a+ 8
Ry<b—a—96
b
f dR, ||%y,| <const-blog~  (6.40)
Ri<b—a—6 é
1
J dR, |6 # || €121l (102l + H(g12“)<00n5t'? (6.41)
Ry —Ry| >2a+ 5

Ry<b—a—4

Here it was once more assumed that b is sufficiently large and that the ratio
R,/b is bounded by a constant smaller than unity.

We are now in a position to treat the contribution to the wall correc-
tions in Eq. (5.4) that contains y. Applying again Schwarz’s inequality, one
has

jdﬁ B’A(R, — bit) - w(bi)

‘[)Rl—Rz\ >2a+0
Ry<b—a—39

2

< const -
b“le\leRz\>2a+6 H‘p“
Ry<b—a—9¢
< const b’ b + ! lo é-i-l}
S b—R,|bb—R) (G-R) 57
=0 (% log b) -0 (b— o0) (6.42)

The wall corrections containing 6f, — y require more careful study.
Using only the function norm defined in Egs. (6.21) and (6.22) and the
estimates for the various operators with respect to this norm would not
suffice to show that those terms also vanish as b — oo. Instead, we need to
introduce a second function norm by

Ifolly = [ 1£(68)] di (643)
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because with respect to this norm we can give the estimate (cf. Appendix B)
1 b

| o1l | < const - —log(S (R,<b—a—9) (6.44)

which is a factor (log b)/b better than (6.25) and (6.31) for R,~ b.® Using
(6.44) together with (6.25) and (6.26), one finds for b sufficiently large and
R,/b bounded by a constant < 1

f j AR DAR, — i) Dy Gy HD % D5 Gy, K)(b1)
R —R3|>2a+46

Ry<b—a—34

b? log b
< ' —1 —1 A
< const - LM AR fd i (2 %20 D56, K)(10)]
1 1/2
< const - log bJ dRZF {J di |(@‘(€m@51%1k)(ﬁ)lz}
Ry<b—a—9¢ 2
<const-logh [ 7" dR, Ry 1] 101
b—a—6 1 1
< const -log b f aleR2 b= R,—ab(b—R,—a)
b—a—2é 1
< const - ——f dRz—E——
—R,—a
1
- @[Z (log b)?} S0 (b o) (6.45)

Finally, the wall correction containing the last term of the rhs of Eq.
(6.36) can be estimated as follows:

f dR, f A B*A(R, — bAND 5 Gy # D 1% 5, K) (D)
|Rl§1<—bR2|a> 2(31 +6
b2
< const -

%ozl 1 1o

—R1 Jb7a1/3(b7R1)2/3<R2<b~a~5

2

-+ const - AR, [|Con || 6]

—R, ij—Rz|>2a+5
b—a'3(b— R > Ry

# We cannot work exclusively with this L' norm since in other configurations and for different
operators one obtains poorer estimates than with the norm introduced before.
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1 1
< const-log b b—a1/3(b—R1/)2/3<R2<b—a—§E_—__|R1-‘R2|2
+ const - dR, ! 5 ! 5
Ry<b—aB(b— Ry)¥3 (b—Ry)" IR, —Ry|
b—a—24
<const-logb Liawbi - dR, k}_z % log —i iﬁijﬁz
+const-2/3;4j ;
a** (b= R i~y <b+ & IR =R,
b R +5
Sconst-logblogb_am(b_Rl)2/3+const-(—l—)Tl)M3
=(9<lzli/3b>—>0 (b— ) (6.46)

Collecting the results (6.42), (6.45), and (6.46), we can write, for large
values of b,

dR, J di b*A(R, — bi)- 5f,(b | R, R,, W)

‘I‘[RI—R2|>2a+5
Ry<b—a—9§

log b
=0 <b—1/3—> (6.47)

This wall correction thus also bcomes small for large vessels.
The only term on the rhs of Eq. (5.4) remaining to be studied is the
one containing

h,(Ry, Ry, W)—hy(R;, Ry)—hy(R,, W) (6:48)

Since the estimation of this term is lengthy but easier than that of the term
containing éf,, we shall not give it explicitly here. One finds a better bound
than that in (6.47).

Note that in the above estimates R, was allowed to grow propor-
tionally to b as the latter increases. We have therefore shown that even if
b— R, <b (though b— R, > a), the wall corrections vanish for » — co. In
this sense it was demonstrated that the validity of Eq. (5.5) is not restricted
to positions near the center of the container if the latter is large enough.

To conclude this section, we discuss the various assumptions that we
had to make.

The fact that we restricted ourselves to the case of spherical container
does not appear to be an important limitation, since we did not make use
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of the spherical symmetry. It should not be an essential problem to extend
our result to, e.g., the case of a general convex container, although the
additional technical effort would probably be considerable.

At one point we had to use the fact that the force density h,(ii|R,, W)
is a smooth function. The arguments used there are somewhat
“handwaving,” but they can undoubtedly be formalized if one considers it
necessary.

Finally, we had to assume that 2! and 2! are bounded operators.
We find this assumption physically very plausible; still, it would be nice if it
someone could give a mathematical proof.

7. CONCLUDING REMARKS

The theory proposed in this paper combines the simplicity of Noziéres’
phenomenological theory of the coupling between sedimentation and
convection with the more fundamental character of the approach based on
the treatment of many-body hydrodynamic interactions, which has been
explored in Leiden during recent years. All the essential results of Noziéres,
who himself characterized his paper as “largely speculative,” have been
confirmed, at least to first order in the volume fraction and for
homogeneous suspensions.

The surprising phenomenon of intrinsic convection may therefore by
now be considered well established from a theoretical point of view. The
experimental situation is less clear. The only experimental reference we
know of in which a possibly intrinsic convection flow was reported is a
nearly 40-year-old paper by Kinosita.""!) More recent experiments conduc-
ted by Buscall et al.,""'?) on the other hand, seem to compare favorably with
Noetinger’s'” calculation of the sedimentation velocity assuming zero
volume flow.” This does not, however, necessarily indicate the absence of
intrinsic convection, because, in contrast to Kinosita, Buscall et al. just
measured the downward movement of the meniscus separating the suspen-
sion from the pure solvent. It will be only slightly distorted by intrinsic
convection, which tends to lift the meniscus near the walls and to lower it
in the center of the vessel, since the lateral inhomogeneity thus generated
gives rise to an additional convective current leveling the meniscus again.
We expect this additional convection to be negligible far away from the

°In a sharp corner of a vessel the effective boundary condition (5.30) would be incompatible
with the incompressibility of the volume flow if it were to hold exactly at the wall. Misinter-
preting the character of the effective boundary condition, Noetinger concluded that for a
parallelepipedic container the coefficient 6, and consequently the intrinsic convection flow,
should vanish.
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meniscus, where the intrinsic convection should behave qualitatively as in
the examples investigated in Section 5. We hope that experimentalists will
feel challenged to provide the first unambiguous observation of intrinsic
convection.

On the theoretical side interesting problems remain, too. In the first
place, we refer here to the need for a better calculation of the coefficient &
in the effective boundary condition (5.28), which has up to now only be
evaluated in monopole aproximation. Furthermore, it would be nice if one
could improve on the rather coarse estimate of the wall correction terms
given in Section 6. The physical expectation is that these terms are of order
a/d(R,), which is much stronger than what we were able to show.

APPENDIX A

We show in this Appendix that Batchelor’s condition that the average
of the deviatoric part d of the stress tensor is uniform implies that the
Laplacian of the average volume flow vanishes.

For the case of one sphere with center at R immersed in an infinite
fluid, the tensor d(r) only depends on r—R (for simplicity we take the
sphere eclastically isotropic). In the fluid part

d(r) =21 [%v(r]R)T, Ir—R|>a (A.1)

holds, with v(r|R) given by formula (4.7). In the solid part one has
d(r)=d(r—R), [r—R|<a (A2)

where d; depends on the elastic properties of the sphere but does not need
to be specified here.
The average of d then is, to first order in the volume fraction, given by

{f dR 21 [% v(r|R)T+ dR ds(r—R)}
Ir—R|>a Ir—R|<a
{2;1 [ ar [% v(r| R)]S+j, dr’ ds(r’)}

_2;1[ r)}+ f v’ d(r (A3)

d(r))> =

Xz %=

r<a

Here we used the fact that (8/0r)v(r|R) vanishes for [r—R|<a [cf.
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Eq. (4.7)]. From Batchelor’s condition that {d(r)) is uniform, one thus
finds

ozg- d(r)> =2y AV(r) (A4)

APPENDIX B

In this Appendix we derive various bounds for operators needed in
Section 6. We start with the operator %;,. For an arbitrary function f(i)
one finds, using Schwatz’s inequality,

| (€0 f)(BR)]?

2

i j (bt — R, —af’) - f(n') a* di’

<a* j di’ i [1(bA— R, —af'): [1(bfi— R, —af’) - j di” | f(R")|?

< 4 dAr____— f2
a* | di AR, —an]? |

4drat
=(|bﬁ—R1|2—a2)2 Hﬂ'z (Bl)
For ||%,,f|| one obtains with the aid of this formula
1/2
ot = | [ dn o 11500 |
4na* 12
<| | di f
(b arar) 1
= ma’ £
TTGO—RY —aT[(b+ R) —a 1"
4ra’
R m— | B.
S il (B.2)

which proves the relation (6.25).
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For %, #, a better bound than (6.25) can be given in the case
b—R;>a. Since the integral of #f over the surface of the unit sphere
vanishes, one may write

(%0, A1) (b1)
= —- [ (b~ R, —ait) - (HO(H') & di¥
_ _f..f [azﬂ(ﬁb—RI—aﬁ/)——a2/7(ﬁb—R1)]-(Jff)(ﬁ’)dﬁ’ (B.3)

If 5— R, > a, the elements of the tensor between square brackets in the last
member of Eq. (B.3) are of order (a/|b(f —R,|)*. Therefore one has

a6 1/2
e A Sconst-q dnm> EZ{
a3
< const - s |#f),  b—R;>a (B4)

(b+R,)}b—Ry)

Since different multipoles are orthogonal with respect to each other, || #f|
is smaller than or equal to ||f]|. The restriction #— R, > a in relation (B.4)
can be omitted if one replaces the factor 5 — R, in the last member of this
expression by b— R, —a [cf. Eq.(B.2)]. Thus, the bound (6.31) is
obtained.

The derivations of the bounds (6.26) for 4,0/ and (6.37) for ||%,,|
proceed analogously to the derivation of the relation (6.25) for |[%,|:

(6ofol = [ d

. N 1 1/2
<b<j dl‘ljdn m) £
4nh

1/2
J b*di' i MR+ aft—bit')+ fo(bﬁ’)lz}

= f

[b+ R, +a)b+R,—a)b—R,+a)b—R,—a)] ol

1
< const. m ”fOH (BS)
- - 1
271/2
H(glsz:Ddﬁ fazdﬁ’ﬁ'ﬂ(Rl+aﬁ—R2—aﬁ’)-f(ﬁ’) }
1 1/2

2 A A f
sa (Jd“fd“ |R1—R2+aﬁ—aﬁ'|4> I
= dma Tl
_|R1—R2|(|R1—R2|2—-4a2)1/2
< const - L Il (B.6)

IR —R,| (IR, — Ry —24)
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Finally, the bound (6.44) for €, with respect to the norm || .||, defined
in Eq. (6.43) can also be found in a straightforward manner:

u%zfnl:fdﬁ faz i i - [1(bA— R, — ai’) - f(i')
ST
<[ ai N e
J 48 Gy | 1)
2na’® b+R,—a 1 1
= 1 — ’f
R2b<0gb—R2—a b+R2—a+b—R2—a> Il
a? b
2 0e? B.7
< const szlogé (B.7)
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